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Introduction
In 1987,

Cavenderand Felsenstein(JC)

Lake (K2P")

proposed a new method of inference of trees using
phylogenetic invariants
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Phylogenetic invariants arpolynomialsf 1;f,;f3;:::

associated to anodel of sequence mutation (JC, K2P, GM, ...)
and topological treeT relating n taxa

with the property that if T and M are the correct tree and model
describing the evolutionary process, thén,  ;fg vanish when

evaluated at (perfect) sequence data.

S3 S,
S1 _
\ % <« |-|- = <f1,f2, ,__,t>
~
Sy
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Phylogenetic invariants are polynomials in variabtges, ; that
representexpected pattern frequencies

4-taxon case:

P@;j; k1) = pik ;
IS the expected frequency of observing
| ata, | atb, katc, |atd.

Pisthed 4 4 4 joint distribution tensordescribing probabilities
of bases at leaves
(tensor = multi-dimensional array = table
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Viewing P as a tensor of variables:

A phylogenetic invariant (P) is a polynomial ird" variables.

ReplacingP with a joint distribution tensorPg, arising from any
speci ¢ parameters foiT; M :

f (Po)=0
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ldea was to evaluate invariants at observed pattern frequencies i
aligned sequences (data):

a. A ACA
b: A ACA
c. A ACA
d A ACA

Dasaa = 3=17; Pacct =1=17;::

If T, M, are the correct tree and mutation model relating the
sequences, the® = (pjq ) and® Py,

Sincef (Py) =0, thenf (B) 0
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Near vanishing of on D

support forT; M as correct tree, model
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From a more algebraic/geometric viewpoint...
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Ex = root distribution vector,f Mg Markov transition matrices on
edges

GivenT, ,fM¢g, computejoint distribution of bases at leaves
E.g.,, GAA 311
X X

P311 = M 1(1;] )M2(]; 3)M3(); 1)M4(l; 1)
i=1 j=1

P=(pj)isad 4 4tensor

eachpjk Is polynomial in parameters.
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More generally....

Fix ann-taxon treeT, states at each node, GM model of mutation

S8 g

SN

=4 (DNA), =2 (R/Y),or =20 (proteins)

8
5 tree

parameters= 5 root distribution vector

" Markov matrix on each edge

(more restrictive models given by additional assumptions)
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Stochastic Parameter Spaces  [0; 1]N, s2S;s=( ;fMcQ)
N =( 1)+(2n 3) ( 1)

Joint distribution space [0; 1]

Polynomial parameterization map

T:S!  [0;1] n
T(s)= P
P, an n-dimensional tensor giving thegoint distribution

of pattern frequenciest the leaves of then-taxon treeT.
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Since 1 Is polynomial, extend to a polynomial map

n

:cN1ooC

We can uselgebraic geometryo understand the image, the
phylogenetic variety

Vr = 1(CN):

Since " >> N , points in the image of + (" pattern frequencies') will
satisfy polynomial relations.

These equations are thphylogenetic invariantgor (T; GM ),
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Finding invariantsl  nding an implicit descriptionof V1, as a zero
set of polynomials

n

:CN 1oV C
l.e. nding the kernel of the associated ring map
T :Clpo::os P I! Clsi;  sn]
ker + =1t phylogenetic ideal,

the ideal of polynomials ipg.-q;:::;p-. vanishing forall choices of
(stochastic or complex) parameters.

Ss3 S
St ]
\ >/I/)_‘ «—> |-|- = <f1,f2, ...,£>
\T k
Sz
Sn
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Notions from algebraic geometry:

S set-theoretically de nesv: A varietyV is the zero set of a
collectionS of polynomials,V = Z(S). (S need not be an ideal.)

| ideal-theoretically de nes/: A variety V corresponds to an idedl,
| = Id(V), wherel containsall polynomialsvanishing onV. (I is a
radical ideal.)

Generally,
S( Id(Z(9))

Ex. In R?,

S=f(y x)°g( ldZWy x)N=(y x):
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Most earlier work on phylogenetic invariants focused s®at-theoretic
notion, or even weaker idea of ndingomepolynomials vanishing on
V.

|deal theoretic result@are generally much more di cult to obtain.
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(Revisited)ldea is to evaluate invariants at pattern frequencies in
aligned sequences (data):

ACA
ACA
ACA
ACA

Pasaa = 3=17; pacct =1=17;::

If T, GM, are the correct tree and mutation model relating the
sequences, the® P = (s) 2 V¢, for some parameters.

Forf 2 |1, f(Py)=0, sof (B) 0
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‘Plan' of Implementation:Given data®,
FIXx M.

For eachT,

{ Find some/most/all invariantsf for V; (set- vs. ideal theoretic)
{ Test if f (B) O.
Return tree for which®\ 2 " \/ (as best possible)

This method is statistically consistent.

More generators of 1 known improved tree inference.

Issues:
Invariants will not be identically zero, only close to zero

statistical issues ( nite length sequences, imperfect model)

algebraic issues (evaluation at points Vr,
precise form a ects \near" vanishing)
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Finding invariants

Only one invariant is easy to see { stochastic invariant

X
1 Piji
ikl

Other invariants are typically and of
the tree T and
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Cavender and Felsenstein

Symmetric 2-state model

The stochastic invariarnt pgggo + + Pr11n L

The symmetry invariants pogoo ~ P1111; €tc.
An informative invariant

f1 =(poioo + P1o11  Poi1r  Piooo)(Pooio + P1101  Poool  P1110)

(Po110 + P10o1  Poior  Pio10)(Poooo + P1111 Pooir  P1100)

|:)2V'|'1 ' fl(P):O
T, (and JC) correct.
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Origin of C{F informative invariant is
The 4-point condition for tree metrics

ap + deg dac + dpg = dag + dic

using log-det distance

fi(P)=0 1! glaglhe glegla =Q
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Work on determining invariants

Introduction of Invariants

Hadamard Conjugation/Fourier transform method¢Group-based
models: Kimura 3ST model and submodels)
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Numerical approaci{K2P 4-taxon, limited rate variation, ...)

Computational Algebraapproach using Gmbner bases

Special caseLinear invariants

Linear invariants exist only for certain models.

Their study was motivated by insensitivity to rate variation.
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Simulation study:How well do invariants work for inference?

Lake's linear invariants ine cient in practice.

Very long sequences needed for good performance.
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More recent progress...
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Group-based models )\

complete description of the full phylogenetigeal for a group-based
model, arbitrary tree

Builds on previous work,
Hadamard transform = change of variables

This gives a simpler form to parameterization map

polynomials monomials
Varieties parameterized by monomials are caltedc varieties and are
a well-understood class in algebraic geometry.
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General Markov modd] ).

Construction of many invariants for arbitrary trees... but most
Important is 3-taxon

Look at slices and marginalizationsof tensorP.

Express these in terms of parameters through matrix algebra

Construct matrix products from these that must be simultaneously
diagonalizable

Invariants arise from commutation of simultaneously diagoretble
matrices
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Invariants from commutation relations
have degree +1 (lowest possible),
have many terms ( 180for =4)
do not generate full ideal, (up to explicit saturation, radical)

for =4 gives all degree 5 invariants (1728-d space)

Note: Expressed in matrix form, invariants may be better evaluated
through numerical linear algebra (?)
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An example ( =4):

f =  P121 P133 P02 P212 P322 * P121 P133 P02 P222 P312 * P121 P133 P202 P12 P322
P121 P133 P202 P022 P312 P121 P133 P302 Po12 P222 + P121 P133 P302 P022

+ P321 P103 P0o12 P122 P232 P321 P103 P012 P132 P222 P321 P103 P112 P022
+P321 P103 P112 P032 P222 P321 P103 P212 P22 P132 P321 P103 P212 P032
P321 P113 P02 P122 P232 P321 P113 P02 P132 P222 P321 P113 P102 P22
P321 P113 P102 P032 P222 P321 P113 P202 P022 P132 + P321 P113 P202 P032
+P321 P123 P02 P112 P232 P321 P123 Ppo2 P132 P212 P321 P123 P102 P012
+P321 P123 P102 P032 P212 P321 P123 P202 P0o12 P132 P321 P123 P202 P032
P321 P133 P02 P112 P222 P321 P133 Po02 P122 P212 P321 P133 P102 P012
P321 P133 P102 P022 P212 P321 P133 P202 Po12 P122 P321 P133 P202 P022
P323 P101 P212 P022 P132 P323 P101 P212 P32 P122 P323 P111 P02 P122
P323 P111 Po02 P132 P222 P323 P111 P102 P022 P232 P323 P111 P102 P032

+ P323 P111 P202 P022 P132 P323 P111 P202 P032 P122 P323 P121 P02 P112
+P323 P121 P02 P132 P212 P323 P121 P102 P0o12 P232 P323 P121 P102 P032
P323 P121 P202 Po12 P132 P323 P121 P202 P032 P112 P323 P131 Poo2 P112
P323 P131 P02 P122 P212 P323 P131 P102 P0o12 P222 P323 P131 P102 P022

+ P323 P131 P202 Po12 P122 P323 P131 P202 P022 P112 P223 P111 P302 P022
+ P223 P111 P302 P032 P122 P121 P103 P012 P232 P322 P221 P103 P012 P122
+ P221 P103 P0o12 P132 P322 P221 P103 P112 P22 P332 P221 P103 P112 P032
P221 P103 P312 P022 P132 P221 P103 P312 P032 P122 P221 P113 P02 P122
P221 P113 P02 P132 P322 P221 P113 P102 P022 P332 P221 P113 P102 P032

+ P221 P113 P302 P022 P132 P221 P113 P302 P032 P122 P221 P123 P02 P112
+ P221 P123 P02 P132 P312 P221 P123 P102 P012 P332 P221 P123 P102 P032
P221 P123 P302 Po12 P132 P221 P123 P302 P32 P112 P221 P133 Ppo2 P112
P221 P133 Po0o2 P122 P312 P221 P133 P102 P0o12 P322 P221 P133 P102 P022

+ P221 P133 P302 Po12 P122 P221 P133 P302 P022 P112 P223 P101 P012 P132
P223 P101 P112 P022 P332 P121 P103 P212 P32 P322 P121 P103 P312 P022
P123 P101 P012 P222 P332 P123 P101 P0o12 P232 P322 + P123 P101 P212 P022
P123 P101 P212 P32 P322 P123 P101 P312 P022 P232 P123 P101 P312 P032

+ P123 P111 P02 P222 P332 P123 P111 P02 P232 P322 P123 P111 P202 P022
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P032 P322
P212 P322
P022 P312
P222 P332
P132 P322
P222 P332
P132 P322
P212 P332
P132 P312
P122 P332
Po32 P122
P022 P332
P232 P322
P122 P232
P232 P322
P122 P232
P232 P312
P132 P212
P112 P322
P122 P212
P222 P312
P112 P222
P132 P312
P0o12 P132
P122 P312
P0o12 P122
P132 P222
P222 P332
P222 P332
P032 P322

P123 P111 P302 P022 P232
P123 P131 P02 P222 P312
P123 P131 P302 P012 P222

P021 P103 P112 P232 P322 *
+ Pp21 P103 P312

P021 P103 P312 P122 P232
P021 P113 P102 P232 P322
P021 P113 P302 P122 P232
P021 P123 P102 P232 P312
P023 P121 P202 P132 P312
P223 P101 P112 P032 P322
P223 P111 Po02 P122 P332
P223 P111 P102 P032 P322
P023 P101 P212 P122 P332
P023 P101 P312 P132 P222
P023 P111 P202 P122 P332
P023 P111 P302 P132 P222
P023 P121 P202 P112 P332
P021 P133 P102 P212 P322
P021 P133 P202 P122 P312
P023 P121 P302 P132 P212
P023 P131 P202 P112 P322
P023 P131 P302 P122 P212
P223 P121 P102 P012 P332
P223 P121 P302 P032 P112
P223 P131 P102 P012 P322

+ P223 P131 P302 P022 P112
+ P323 P101 P112 P022 P232

P121 P103 P212 P022 P332

P121 P113 P02 P232 P322 *
+ P121 P113 P302

P121 P113 P302 P022 P232

P123 P111 P302
P123 P131 P202
P123 P131 P302
P0o21 P103 P212

P021 P113 P202
P021 P113 P302
P021 P123 P202
P023 P121 P302
P223 P101 P312
P223 P111 Po02
P023 P101 P112
P023 P101 P212
P023 P111 P102
P023 P111 P202
P023 P121 P102
P021 P123 P302
P021 P133 P102
P021 P133 P302
P023 P131 P102
P023 P131 P202
P223 P121 P002

+ P223 P121 P102

P223 P131 P002
P223 P131 P102
P323 P101 PO12
P323 P101 P112
P121 P103 P312
P121 P113 P202
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Towards a complete understanding of Phylogenetic Invariantstife
general Markov model...

The
phylogenetic ideal + for any treeT with GM is determined by the

local topological structureof T.

Phylogenetic invariants may be useful for
measuringsupport for a particularsplit (edge) ortripartition (node) in
a tree.
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For GM, =2, consider the tree

as

a1 as
The joint distribution tensorP is2 2 2 2 2

P has two natural attenings according tosplits in the tree:

ff a;;a20;fas; as; a59g, andff a;; ay; aszg; fas; asgog.

The correspondingattenings are

Pooooo  Poooor  Poooio Poooir  Pooioo Pooior  Pooiio  Pooiii
Po1ooo  Poi1oor  Poioio  Poioi11 Po1100 Po1101 Poi1110  Po1i111
P10000 P10o001 P10010 P10o011 P10100 P10101 P10110 P10111

P11000 P11001 P11010 Pi11011 P11100 P11101 P11110 P11111
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and

P 00000 P 00001 P 00010 P 00011
P 00100 P 00101 P 00110 P 00111
P 01000 P 01001 P 01010 P 01011
P 01100 Po1101 P01110 Po1111
P 10000 P 10001 P 10010 P10011
P 10100 P10101 P 10110 P10111
P 11000 P 11001 P 11010 P11011
P 11100 P11101 P11110 P11111

Theorem For this 5-leaf treel 1 Is generated by alB 3 minors of
these two matrices. (That is, these matrices have rank?.)
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Theorem For =2, any bifurcatingT, GM, the phylogenetiadeal | t
IS generated byedge invariant§3 3 determinants associated to
attenings on edges).

S8 gy

S1

S2
SN
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Implications: Via rank of attenings, we can potentially say something
about data's support for goarticular edgeof a phylogenetic tree.

Furthermore,
support for all edges = support for tree

(when =2).
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Indeed,for any , we can nd invariants fromedge attenings

a;
a5 a2
H >  yds —— Q;da3
A as

For P 2 Vr, we can atten' P along an edgee:

P 7! Flate(P), a ™ N2 matrix,

forny + n, = n:
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Coarser modeis now

Mq, a 1 matrix
M-, a N2 matrix

Thus,

Flate(P) = Mir diag(pr)M2;

and Flat¢(P) is rank matrix (at most).

Therefore,
all( +1) ( +1) minors will vanish.

These are theedge invariantdor a treeT.
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But edge invariants ar@ot enough for ideal generation if> 2.
Evidence for this:

Example =4; n=3,

Since all the edges of tha-taxon treeT are terminal,edge invariants
do not exist even though there arenany invariants here.
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For an arbitrary treefocus on a node

For P 2 V7, an n-dimensional tensor, atten
P 7! Flat,(P); a4"t 4"2 4" tensor,

Ni+ N+ N3=nN

and determine analogue for edge invariants for a venex

Note: T is bifurcating for simplicity
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Kk
>k/k
K
LetV( ;;; )= Vg denote the associated variety.
X
ik = (M 1(ET)Mo(l ) )M3(l k)
|
But Me(l; )2 P %, so
V(::;; )=Sec(P * P 1t P Y
\=" tensors of rank
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Defrt A n-dimensional tensor hasank 1 if it is the tensor product of
n vectors. It hasrank k if it can be expressed as a sum lofrank 1

tensors, but no fewer.

Viewing the3-taxon phylogenetic variety as a secant variety:

V(;;; )=Sec(P * P t P 1
\=" tensors of rank

makes the problem classical | but doesn't solve it.
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Vertex invariantsare theanalogues of matrix minorfor tensors of
rank

matrix M of rank

01

$ M 2 Sec (P" PM)

$ ( +1) ( +1) minors vanish

3-dim tensor P of rank
$ P=p1 Qg1 ri+ +p r

$ P2Sec(Pp * P t P 1

$ vertex invariants vanish
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Understanding star models

, then generators of thedeal de ning
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A glimpse of the proaf Observe that

V(lisla ) zaM o, = V(g lasls);

V(I lasl3) sa M, = V( ll )

HereM,, , denotesm n matrices, and 3.; denotes matrix
multiplication' in the 3 and 1 indices.

Get maps between ideals, related &L (13)-action, and careful use of
basic representation theory gives result.
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Main result for > 2:

Theorem For any , given de ning polynomials of
V(;;; ), we can explicitly construct de ning
polynomials forV/y for GM model on any trivalent tred .

Solocal structureof the tree determines a collection of phylogenetic
Invariants de ning the variety.

n-dim tensorP |  3-dim ™ N3 tensor

Do this for all verticesy and ...
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and for all edge:

<

n-dim tensorP ! N1 N2 matrix

Implications: Via rank of attenings, we can potentially say something
about data's support for goarticular edgeor particular nodeof a
phylogenetic tree.

Furthermore,
support for all edges and nodes = support for tree
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New Directions...

What might invariants be good for?
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Applications of invariants

1) Proofs of identi ability of current models
2) Understanding new models
3) Understanding ML

4) Practical inference methods

5) 277
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Question Given a joint distribution of bases at the leaves from some
model, are model parameterd ( stochastic)identi able?

Ildenti ability is needed to prove theonsistencyof inference methods
such as ML:

\As sequence length 1 |, with probability 1 inference will be
correct.”
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Previously, identi ability of T usually shown by distance + 4-point
condition.

New results use invariants to identify without using distances
GM+I model

No known distance formula, yet is identi able by vanishing of 4-leaf
Invariants.

(For quartet tree, a subset of edge invariants for central edge@d/
model are also invariants of GM+1.)
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Covarion model of Tu ey-Steel

AOI’].AO .COI’].CO .GOH.GO .TOH.TO
5C, G, T
Me = exp(Qte) whereQ is8 8 rate matrix of special form

This modelallows sites to switch between variable/invariable modes
di erent parts of tree, increases biological realism

Again, no known distance, but identi able through 4-leaf invariants

(Internal edge attening according to correct has rank 8,
attening according to wrong tree gives higher rank.)
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Note:

Covarion result is rst proved for more general model, withrply
algebraicde nition (no common rate matrix).

Specialization to covarion model involvasalytic variety.
Also specializes to (re)prove identi ability of other models
GM,
GM+I,
GM+GM+...+GM model (< summands),

rates-across-sites models with arbitrary rate classes
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Geometric Interpretation of Identi ability

Tree topology When isVy, = Vr,?

SinceVr, and Vr, are irreducible varieties of the same dimension, thgn
either

V1, = V1, (tree identi ability fails for all parameter choicgsOR

V1, \ Vg, is of lower dimensiont(ee is identi able for generic
parameters.
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Stochastic parametersWhere isVy non-singular?

For a ‘good' parameterization (generically 1-1), all points with
non-identi able parameters lie in singular locus

Singular locus is of lower dimension than variety

AR
NN
il

M H‘“‘}}}}ﬂl,;’

u\}““‘ i
N7 4
///W/ ‘
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New models

Strand Symmetric mode( )

a 4-state amalgam of 2-state group-based/2-state GM models

(A; T mutate similarly,C; G mutate similarly)

Analyzing model involves both

Hadamard-like transform (from group-based model) and

edge invariants (from GM)

to appear,
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Stable base distributior )

General model, assuming stable base frequencies througheat tras
an algebraicde nition involving eigenvectors.

For =2, variety is rational and have explicit rational inverse to

parameterization map

For =2, invariant found that checks that internal node
distribution agrees with leaves

For > 2, only partial results
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Understanding the geometry of likelihood functio(Chor, Holland,
Hendy, Penny, 2000

Use invariants to show that the likelihood function can have mu#ip
maxima or even continuum of maxima

(Constrained optimization problem for Neyman moddtiaxa)

MEP 2005 | Phylogenetic Invariants Slide 56



Exact ML Optimization For small trees, use invariants in constrained
optimization problem for exact solution of ML problem via
computational algebra

)2 Computations for Neyman model.
Y. Computations for JC model.

)> Computations for JC model.

Estimating invariable sitesfrom understanding

Invariants/identi ability of parameters for GM+I, can give
explicit rational formulas

for the proportion ofinvariable sites. Useful in estimating this

parameter for preliminary analysis of data or ML seai¢h.
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Ine ciency of invariants in simulation studies shown only fonear
Invariants

(From algebraic geometry perspective, this is not surprisirdgntify
smallest linear spack so thatL V5.)

Since

distance + 4-point condition =" higher-degree invariant

there is evidence of potential for better use

But invariants are best understood for group-based and genera
models; these areot common-rate-matrix models

Many parameters high variance in inferred trees ??

How to best use invariants for inference needs development
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Tree construction using GM invariants/SVID B

Focus on edge invariants = matrix rank conditions
Matrix rank can be computed well via SVD,

Algorithm constructs tree via joining neighbors from outside

to appear, JCUP
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To improve this

How can we use vertex invariants? (No SVD analogue yet)

Rather than iteratively work outsidé inside like NJ,
try inside! outside

Test for "all' splits?
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Even if tree is inferred by another method, can invariants put
measure of support on edges/nodes?

On edges, use measure a@xcess' rankvia SVD) of edge attening
of data as deviation from perfect t

For 2-state model, O deviation on all edges = perfect t by GM

For nodes,unclear computationalljnow to measure excess rank,
but...

For 4-state model O deviation on all edges, nodes = perfect t bG
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P
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